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In this note we prove an existence theorem for the two-point problem
m1
Žm. Žm1. k  u t  f t , u t , . . . , u t  t  for all t a, bŽ . Ž . Ž .Ž . Ý k
k0
uŽk . a  uŽk . b  0 for all k 0, . . . , m 1,Ž . Ž .
  n m nwhere f : a, b  R  R is a given function and  , . . . ,  are suitable0 m1
vectors of Rn. In particular, we extend a result recently obtained for the case
m 1.  2001 Academic Press
1. INTRODUCTION
 Very recently, in 2 , the following two-point problem for first order
 systems was considered: given a compact real interval a, b and a continu-
  n n nous function f : a, b  R  R , find  R such that the problem
  u  f t , u   in a, bŽ .
1Ž .
u a  u b  0Ž . Ž .
Ž .has a classical solution.
 As observed in 2 , the mere continuity of f is not sufficient in general
Ž .to guarantee that problem 1 has a solution. In fact, an example of a
 continuous f : 0, 2  R R was provided such that for each  R, even
the Cauchy problem
  u  f t , u   in t 0, 2Ž .
u 0  0Ž .
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  Ž .has no solutions. Nevertheless, it was proved in 2 that problem 1 can be
solved if the continuous function f satisfies a certain condition of linear
 growth. The aim of this note is to extend the main result of 2 to
Žhigher-order systems. Namely, we want to prove the following result here
and in the sequel, we put
122bH u t dtŽ .a
c sup ,2bž /1, 2 n H u t dtŽ .Ž  .  4uW a , b , R 	 0 a0
  n. denoting the Euclidean norm of R .
 THEOREM 1.1. Let a, b be a compact real interal, let n, mN, and let
  nm nf : a, b  R  R be a continuous function. Assume that there exist
constants p 0 and q 
 0, with i 0, . . . , m 1, such that for eachi
  nt a, b and u , . . . , u  R one has0 m1
m1




mkq c  1.Ý k
k0
mŽ  n.Then, there exists u C a, b , R such that
m1
Žm. Žm1. k  u t  f t , u t , . . . , u t  t  for all t a, bŽ . Ž . Ž .Ž . Ý k
k0
uŽk . a  uŽk . b  0 for all k 0, . . . , m 1,Ž . Ž .
where the m ectors  , . . . ,   Rn are the unique solution of the linear0 m1
system
m1 hk1 hk1b  a b h Žm1.   f  , u  , . . . , u  d ,Ž . Ž .Ž .Ý Hkh k 1 ak0
h 0, . . . , m 1. 3Ž .
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Moreoer, one has
1212 p b aŽ .b 2Žm.u t dt  .Ž .H m1ž /a mk1 q cÝ k
k0
2. THE PROOF OF THEOREM 1.1
 As in 2 , our argument is based on the following classical result of
Ž  .Altman see also 4, Theorem 6; 5, Theorem 3.2 :
 THEOREM 2.1 1, Theorem 2 . Let X be a separable real Hilbert space, let
   4 Ž .B  x X : x  r r 0 , and let  : B  X R be a function suchr r
that:
Ž . Ž .i  x,  is linear and continuous for eery x B ;r
Ž . Ž .ii  , y is sequentially weakly continuous for eery y X ;
Ž .   Ž .iii for eery x B with x  r, one has  x, x 
 0.r
 Ž  .Then there exists x  B such that  x , y  0 for eery y X.r
m , 2Ž  n.In the sequel, we shall consider the Sobolev space W a, b , R0
endowed with the norm
12
b 2Žm.
m , 2 n u  u t dtŽ .W Ž a , b  , R . H0 ž /a
induced by the scalar product
b Žm. Žm.m , 2 ² :nu ,   u t ,  t dtŽ . Ž . Ž .W HŽa , b  , R .0
a
Ž² : n. ,  denoting the usual scalar product of R .
Proof of Theorem 1.1. We want to apply Theorem 2.1, with
m , 2   nXW a, b , RŽ .0
12p b aŽ .
r ,m1 mk1Ý q ck0 k
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and
b Žm. Žm1. Žm. u ,   u t  f t , u t , . . . , u t ,  t dt² :Ž . Ž . Ž . Ž . Ž .Ž .H
a
for each u,   X. To this aim, observe what follows.
Ž . Ž .a The function  is well defined by the continuity of f and for
Ž .each u X the function  u,  is linear and continuous on X.
Ž . Ž .b For each   X, the function  ,  is sequentially weakly
 4continuous. To see this, let u be a sequence in X weakly converging tok
 4u X. Consequently, u  u with respect to the relativization to X ofk
m1Ž  n. Žthe weak topology of C a, b , R since the latter topology is weaker
.than the weak topology of X . Since X is compactly imbedded in
m1Ž  n.  4C a, b , R , there exists a subsequence, still denoted by u , whichk
Ž . m1Ž strongly and, in particular, weakly converges to some w in C a, b ,
n. Ž Ž .R . Therefore, we get w u. By continuity of f , we have that f t, u t ,k
Žm1.Ž .. Ž Ž . Žm1.Ž ..  . . . , u t converges to f t, u t , . . . , u t for all t a, b .k
Ž .  Moreover, taking into account 2 , for almost all t a, b and for each
kN we have
Žm1. Žm.f t , u t , . . . , u t ,  t² :Ž . Ž . Ž .Ž .k k
Žm1. Žm. f t , u t , . . . , u t  tŽ . Ž . Ž .Ž .k k
Žm. A  t ,Ž .
with
m1
Ž s.A p q sup max max u t .Ž .Ý j kž / 0sm1  t a , bkNj0
Consequently, by Lebesgue’s dominated convergence theorem we get
lim  u , Ž .k
k
b Žm1. Žm. lim u ,   f t , u t , . . . , u t ,  t dt² :Ž . Ž . Ž . Ž .Ž .Hk k kX
k a
b Žm1. Žm. u ,   f t , u t , . . . , u t ,  t dt² :Ž . Ž . Ž . Ž .Ž .HX
a
  u ,  ,Ž .
as desired.
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Ž . Ž .  c  u, u 
 0 for each u X with u  r. To see this, fixX
 u X, with u  r. By the definition of c, it is easily seen thatX
12
b 2Žk . mk  u t dt  c u 4Ž . Ž .H Xž /a
Ž . Ž .for each k 0, . . . , m 1. By 2 , 4 , and the Holder inequality, one has¨
b Žm. Žm1. Žm. u , u  u t  f t , u t , . . . , u t , u t dt² :Ž . Ž . Ž . Ž . Ž .Ž .H
a
b2 Žm1. Žm. 
 u  f t , u t , . . . , u t u t dtŽ . Ž . Ž .Ž .X H
a
m1
b b2 Žm. Žk . Žm. 
 u  p u t dt q u t u t dtŽ . Ž . Ž .ÝX H Hk
a ak0
m1
122 2 mk     
 u  p b a u  u q cŽ . ÝX X X k
k0
 0.
Thus, all the assumptions of Theorem 2.1 are satisfied. Consequently,
 there exists a function u X, with u  r, such thatX
b Žm. Žm1. Žm.u t  f t , u t , . . . , u t ,  t dt 0² :Ž . Ž . Ž . Ž .Ž .H
a
for all   X . 5Ž .
Now, put
b2 n k V w L a, b , R : t w t dt 0 for each k 0, . . . , m 1 .Ž .Ž . H½ 5
a
Taking into account Fubini’s theorem, it is a routine matter to check that a
2Ž  n.given w L a, b , R belongs to V if and only if there exists   X such
that  Žm. w.
2Ž  n.Let  be the linear functional on L a, b , R defined by
b Žm. Žm1. w  u t  f t , u t , . . . , u t , w t dt² :Ž . Ž . Ž . Ž . Ž .Ž .H
a
2Ž  n. Ž .for all w L a, b , R . By the above remark and by 5 , one has
V1 0 . 6Ž . Ž .
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For each k 0, . . . , m 1 and i 1, . . . , n, let  be the linear func-k , i
2Ž  n. 2Ž  n.tional on L a, b , R defined by putting, for all w L a, b , R ,
b k² : w  t w t , e dt ,Ž . Ž .Hk , i i
a
where e denotes the ith versor of the canonical basis of Rn. Of course,i
one has
m1 n
1V  0 . 7Ž . Ž .  k , i
k0 i1
Ž . Ž .By 6 and 7 , and by the classical characterization of the linear depen-
dence for linear functionals, there exist constants   R, with kk , i
0, . . . , m 1 and i 1, . . . , n, such that
n m1
2 n  w    w for all w L a, b , R . 8Ž . Ž . Ž .Ž .Ý Ý k , i k , i
i1 k0
Of course, this implies that
n m1
Žm. Žm1. ku t  f t , u t , . . . , u t   t eŽ . Ž . Ž .Ž . Ý Ý k , i i
i1 k0
 for a.a. t a, b . 9Ž .
If for each k 0, . . . , m 1 we put
   , . . . ,   Rn ,Ž .k k , 1 k , n
Ž .by 9 we get
m1
Žm. Žm1. k  u t  f t , u t , . . . , u t  t  for a.a. t a, b .Ž . Ž . Ž .Ž . Ý k
k0
10Ž .
Ž Ž . Žm1.Ž ..Since the function t f t, u t , . . . , u t is continuous, the equality
Ž .   mŽ  n.10 holds for all t a, b and u C a, b , R . At this point, observe
Ž .that if in 8 we put, for each h 0, . . . , m 1 and j 1, . . . , n,
w t he ,j
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then we get
b h Žm. Žm1.t u t  f t , u t , . . . , u t , e dt² :Ž . Ž . Ž .Ž .H j
a
m1 hk1 hk1b  a
  .Ý k , j h k 1k0
Since uŽm. V, by the definition of V we get
m1 hk1 hk1b  a b h Žm1.  t f t , u t , . . . , u t , e dt² :Ž . Ž .Ž .Ý Hk , j jh k 1 ak0
for all h 0, . . . , m 1 and j 1, . . . , n; hence the vectors  , . . . , 0 m1
Ž .solve system 3 . Therefore, the function u satisfies the conclusion.
Ž .Remark. We observe that the linear system 3 has a priori a unique
solution. Indeed, the matrix of coefficients is
hk1 hk1b  a
A
h k 1
h , k0, . . . , m1
b hk t dt .H
a h , k0, . . . , m1
Ž . h Ž .Since the functions g t  t h 0, . . . , m 1 are linearly inde-h
 pendent, it follows by the Gram theorem 3, pp. 250251 that A is non-
singular.
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